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Abstract

The constitutive equation considered here exhibits the heat trans-
fer and unsteady flow of a second-grade fluid past through a long
porous wall vertically. The discretized form of equations is obtained
by implementing the method of finite difference of Crank -Nicolson
type and solved numerically by resorting highly convergent method
called “damped Newton". Two different cases are taken into con-
sideration i.e the plate is accelerating differently at (n = 0.5) and
constant acceleration (n = 1) and a comparative study is performed
for the obtained results. Influence of various parameters gr, R, Pr and
α on the temperature and velocity field are studied through several
graphs. The significant finding of the study is that for large Pr values,
increases in the viscoelastic parameter α cause a rise in the velocity,
Still, a contradicting effect is observed for comparatively smaller Pr

values.

Keywords: second-grade fluids, free convective flow, exponen-
tially fitted scheme, damped-Newton method, finite difference
method

journals.goldfieldsci.com/mjes
ISSN: 2956-6053

36 March 2023 | Volume 1 (2023), 36-46

https://doi.org/10.5281/zenodo.7803023
mailto:akrath_phdmath@vssut.ac.in
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://journals.goldfieldsci.com/mjes


MULTIDISCIPLINARY JOURNAL
OF ENGINEERING SCIENCES Numerical Investigation of unsteady flow...

Rath, Nayak and Padhi

1. Introduction

In the present scenario, study of non New-
tonian fluid rheology is intensified owing to its
numerous applications in industrial mechanisms,
chemical engineering and medical sciences. It
is not possible to analyse all the diversified com-
plex properties of non Newtonian fluid through
a single model and therefore many researchers
have proposed different fluid models. The second-
grade fluid is known as one of the simplest visco-
elastic fluid structure exhibiting peculiar proper-
ties that fascinate numerous researchers for its im-
portance in the technological application and com-
posite mathematical features [18, 21]. Beavers
and Joseph [6] established a practical method of
viscometry to study the characteristics of non New-
tonian fluids. Teipel [20] obtained the stagnation
point of the second-order fluid and resolved us-
ing a similarity approach. Bandelli and Rajagopal
[5] analysed various unidirectional second-grade
fluids in the finite dimension domain with the
help of different integral transformations. They
derived the Existence and Uniqueness of second-
grade fluid flow for slip boundary conditions. Mo-
hapatra et al. [15] obtained a solution numerically
for MHD free convective flow of second-grade fluid
passing over an infinite vertical plate. Massoudi
and Maneschy [13] also found the numerical so-
lution employing quasi-linearization for a second-
grade fluid past a stretching sheet. Ariel [2] ac-
quired the perturbation and asymptotic solution
to second-grade fluid passing through a radially
stretched sheet. Ariel [3] discovered a precise
solution of fluid of second-grade flowing with in
a parallel channel in geometries of two different
types. Tan and Masuoka [19] discussed the exact
solution of the second-grade fluid in a porous half

space on a heated flat plate. Fetecau and Fetecau
[8] used the Fourier sine transform for cosine and
sine oscillations on an infinite plate to offer the
precise solution for the second-grade fluid.

Hayat et al. [10] solved the steady electri-
cally conducting second-grade fluid flow within a
porous channel using the analytical method HAM.
Hayat et al. [9] used modified Darcy’s law for
modelling the fluid model of second-grade and
analysed the effect of porous media and magnetic
field for some unidirectional second-grade fluid
flows. Massoudi et al. [14] studied the natural
convective flow for second grade fluid with vari-
able viscosity within parallel vertical plate apply-
ing the collocation method. Ayub and Zaman [4]
derived the exact momentum equation for second-
grade fluid. Kecebas and Yurusoy [12] numerically
examined an incompressible unsteady modified
power law fluid of second grade. Abbasbandy et
al. [1] obtained the HAM solution of power-law
fluid of second grade passing through an infinite
porous plate and a comparison was made with a
numerical solution. Rana and Latif [17] obtained
an analytical solution to study three-dimensional
free convective second-grade fluid flow in a porous
medium subjected to constant suction and variable
permeability.

Most of the above studies have adopted the
analytical methods that are appropriately de-
scribed for small parametric values physically and
monotonous calculation is needed for any ex-
change in boundary conditions. The rapid conver-
gence and flexibility for all types of physical para-
metric values of the employed numerical damped-
Newton method motivated the present study. In
this study, a fully implicit FDM is used to anal-
yse the unsteady free convective flow of a second-
grade fluid passing through a porous vertical plate
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with uniform suction provided close to the wall.
The recent work progress is in the following way.

The flow geometry is discussed in section 2.
The finite difference discretization with its numer-
ical solution is described in section 3. Analysis of
obtained results through graphical representation
is done in section 4. Section 5 summarizes the
conclusion..

2. Mathematical analysis

Consider the heat transfer and unsteady flow
of a grade two incompressible fluid past an in-

finitely long porous vertical wall. Here x∗-axis is
taken parallel to the vertical plate and y∗-axis is
perpendicular to it. Initially, at time t∗ = 0, the
plate is at rest but suddenly starts moving in direc-
tion of x∗-axis with a velocity U(t) when t∗ > 0.
While zero temperature is maintained at t∗ = 0,
for time t∗ > 0, it is expected that the plate will
be exposed to an oscillating temperature. Due to
the indefinite length of the plate, the purely phys-
ical characteristics are functions of only y∗ and
t∗. The equation governing the flow with above
assumptions is obtained as

ρ

(
∂u∗

∂t∗
− V0

∂u∗

∂y∗

)
= µ

∂2u∗

∂y∗2
+ α1

(
∂3u∗

∂y∗2∂t∗
− V0

∂3u∗

∂y∗3

)
+ ρβg(T ∗ − T ∗

∞), (1)

with conditions 
t∗ ≤ 0 : u∗ = 0, for every y∗,

t∗ > 0 : u∗ = U(t∗) = U2n+1

νn
ea

∗t∗t∗n, for y∗ = 0.

t∗ > 0 : u∗ = 0, for y∗ → ∞.

(2)

The corresponding energy equation was obtained as

ρCp

(
∂T

′

∂t∗
− V0

∂T ∗

∂y∗

)
= k

∂2T ∗

∂y∗2
, (3)

conditional to 
t∗ ≤ 0 : when T ∗ = 0, ∀ y∗,

t∗ > 0 : when T ∗ = T ∗
∞ + (T ∗

w − T ∗
∞) cosω∗t∗, at y∗ = 0.

t∗ > 0 : when T ∗ = T ∗
∞, for y∗ → ∞.

(4)

The joule and vicious dissipation are ignored,
due to little effect on free convective flow. Fur-
thermore, the velocity of suction indicates by
V0 > 0 and x∗ and y∗ are the axis of fluid ve-
locities with u∗ and v∗ respectively. Here We select
U(t∗) = U2n+1

vn
ea

∗t∗t∗n for computing.
We present the subsequent dimensionless quanti-
ties:

u =
u∗

U
, θ =

T ∗ − T ∗
∞

T ∗
w − T ∗

∞
, y =

y∗U

ν
, a =

a∗ν

U2
, t =

t∗U2

ν
, R =

V0

U
, Pr =

νρCp

k
,

gr =
βgν(T ∗

w − T ∗
∞)

U3
, α =

α1U
2

ρν2
, ω =

ω∗ν

U2
.

Implementing the above non dimensional param-
eters in equations (1) and (2), the required gov-
erning model results as
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∂u

∂t
− ∂u

∂y
=

∂2u

∂y2
+ α

∂3u

∂y2∂t
−Rα

∂3u

∂y3
+ grθ, (5)

along with the boundary and initial conditions
t ≤ 0 : u = 0, ∀ y,

t > 0 : u = eattn, for y = 0,

t > 0 : u = 0, for y → ∞.

(6)

The governing heat flow equation so developed is represented as

∂θ

∂t
= R

∂θ

∂y
+

1

Pr

∂2θ

∂y2
, (7)

along with the boundary and initial conditions
t ≤ 0 : θ = 0, ∀ y,

t > 0 : θ = cosωt, for y = 0,

t > 0 : θ = 0, for y → ∞.

(8)

3. Solution procedure

Subsequently, the PDEs are transformed into
a system of coupled algebraic equation after dis-
cretising the derivatives with the help of implicit
finite differences. The flow domain is divided by
determining △y as the uniform mesh step and △t

as time step. The grid points so generated are of
the type
(yh, tk) = (h△y, k△t),

h = 0, 1, ..., N∗ + 1 and
k = 0, 1, ...,M∗.

The technique of minimising the PDEs (5) and
(7) to a system of algebraic equations utilising a
finite difference scheme(FDM) is discussed in the
next subsections, and the numerical approxima-

tion solution of this system is obtained through a
method called Damped-Newton[7].

3.1. Finite difference scheme

By adopting an implicit finite difference
method(FDM) and a uniform space of mesh h and
the time step △t the equations (5) and (6) are
discretized, resulting in grid points of the form
(yh, tk) = (h△y, k△t),

h = 0, 1, ..., N∗ + 1 and
k = 0, 1, ...,M∗.

The discretized form of the velocity equation
with corresponding initial and boundary condi-
tions is obtained as
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uk+1
h − uk

h

△t
− R

4△y

(
uk+1
h+1 − uk+1

h−1 + uk
h+1 − uk

h−1

)
− 1

2(△y)2
(
uk+1
h+1 − 2uk+1

h + uk+1
h−1 + uk

h+1 − 2uk
h + uk

h−1

)
− α

△y2△t

(
uk+1
h+1 − 2uk+1

h + uk+1
h−1 − uk

h+1 + 2uk
h − uk

h−1

)
+

Rα

2(△y)3

( (
−uk+1

h−2 + 2uk+1
h−1 − 2uk+1

h+1 + uk+1
h+2

)
+
(
−uk

h−2 + 2uk
h−1 − 2uk

h+1 + uk
h+2

) )
− gr

(
θk+1
h + θkh

2

)
= 0,

(9)
and 

u0
h = 0,where h = 0, 1, . . . , N∗ + 1,

uk
0 = e(a△y△t)(△y△t)n,

uk
N∗+1 = 0,where k = 1, . . . ,M∗,

(10)

here for the nodes (1, h△t), we implement
∂3u
∂y3

≈ 1
2h3

(
d

′k+1
3h + d

′k
3h

)
.

where d′k
3h = −3uk

h−1+10uk
h−12uk

h+1+6uk
h+2−uk

h+3.

and for the nodes (N, h△t), we implement
∂3u
∂y3

≈ 1
2h3

(
d

′′k+1
3h + d

′′k
3h

)
.

where d
′′k
3h = uk

h−3 − 6uk
h−2 + 12uk

h−1 − 10uk
h + 3uk

h.

The difference approximations for time and space
used here attain second-order convergence. The
discretized form of energy equation with use of
exponential fitted scheme as referred in [16] with
corresponding initial and boundary conditions

θk+1
h − θkh
△t

− 1

Pr(△y)2
(
θk+1
h+1 − 2θk+1

h + θk+1
h−1

) R△y

2

(
1 + e−PrR△y

1− e−PrR△y

)
− R

2△y

(
θk+1
h+1 − θk+1

h−1

)
= 0, (11)

and θ0h = 0,where h = 0, 1, 2, . . . , N∗ + 1, and

θk0 = cos(ω△y△t),where k = 0, 1, 2, . . . ,M∗,
(12)

where uk
h, θ

k
h are approximations of velocity

and temperature respectively at nodes (h△y, k△t)

for h = 0, 1, 2, . . . , N∗ + 1, and k =

0, 1, 2, . . . ,M∗.

3.2. Numerical solution

The above coupled system of algebraic equa-
tions is resolved to adopt the quadratic conver-
gence numerical scheme damped-Newton method
described in [7]. The residuals Rh, h =

0, 1, 2, ..., N∗ is assessed alongside the components
of the Jacobian Matrix J =

(
∂Rh

∂uk

)
,

h = 1, 2, 3, 4 . . . , N∗ and k = 1, 2, 3, 4 . . . ,M∗ that
are not zero. An appropriate initial guess for veloc-
ity leads to a convergent solution that is obtained
here by solving the tri-diagonal system of equation
on setting α = 0 and gr = 0 in (9). The advanced
level temperature is obtained from (11) by means
of (12). Thereafter, advanced level velocities are
upgraded from a system of equation Jh = −Rh

using suitable damping. This coupled procedure
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continues upto the maximum iteration limit N∗,
where the difference between two consecutive ap-
proximation solutions is assumed be lower than
a necessary tolerance value ϵ. Because of a suffi-
ciently accurate initial guess, the results obtained
here are correct up to five decimal places.

4. Result analysis

The above system of coupled algebraic equa-
tion is numerically solved by adopting a finite
difference scheme implicitly and then simulated
using MATLAB programming. The results so
obtained are depicted through graphs. If not
otherwise specified, the flow parameter values
ω = 0.1, dt = 0.01, and a = 0.5, hl = 0.01 is
kept fixed for all plots. Results are examined for
various velocity and temperature field parameters,
primarily for two situations., n = 0.5 (variable
acceleration), and n = 1 (constant acceleration).

Figure 1: Variation of α when
gr = 10, R = 9, Pr = 10.

Figure 2: Variation of α when
gr = 10, R = 9, Pr = 0.5.

Figure 3: Variation of α when
gr = 10, R = 9, Pr = 0.05.

Figure 4: Variation of gr when (n = 1, 0.5),
γ = 0, α = 1, R = 10, Pr = 10.
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Figure 5: Variation of gr when,
γ = 0, α = 1, R = 10, Pr = 10.

Figure 6: Variation of gr when,
α = 1, R = 10, Pr = −10, γ = 0,

Figure 7: Velocity variation of gr .

Figure 8: Velocity variation of Pr.

Figure 9: Velocity variation of Pr.

Figure 10: Velocity variation of Pr.
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Figure 11: Velocity variation of Pr.

Figure 12: Temperature variation of Pr.

Figure 13: Temperature variation of Pr.

Figure 14: Velocity variation of R.

Figure 15: Velocity variation of R.

Figure 16: Velocity variation of R.
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Figure 17: Temperature variation of R.

Figure 18: Temperature variation of R.

Figure 1 - 3 demonstrates the effect of values
for the second-grade elastic factor α on the ve-
locity profile, on variation of different emerging
flow parameters. The velocity profile is found to
be increasing with increase of elastic parameter
value α when Pr = 10, but when Pr value is re-
duced to 0.3, a reverse effect is experienced in the
profile. An exponential growth of velocity profile
is observed near the plate surface and gradually
boundary level thickness decreases away from the
plate. Further reducing Pr values it is analysed

that velocity profile decreases at a faster rate than
the previous case.

Figure 4 - 7 describes the effect of grashof num-
ber gr on velocity profile for various flow parame-
ters, both for constant and variable acceleration
case. Because of free convention, positive grashof
number means cooling of the vertical plate and
negative grashof number represent heating of the
plate. In all situations, it is shown that the velocity
profile rises as the gr values climb, which is due
to a reduction in dynamic viscosity as gr increases,
and that intensifies the velocity flow. Maximum
velocity is attained near the wall which gradually
seems to decreases. But this increasing behaviour
diminishes as we go on to increase the value of
suction parameter to R = 8 that leads to an in-
crease in internal viscous forces of the fluid. In
addition to it, as we reduce the Pr values diffusive
heat of fluid decreases which allows more fluid to
pass, hence a profound increasing flow behaviour
is observed.

Figure 8 - 13 expresses the effect of prandtl
number Pr on flow and energy profiles on varying
different physical flow parameters. It is perceived
that velocity profile initially rises exponentially
close to the wall surface and then a steady de-
crease through out the flow domain is noticed.
But when the suction parameter R is slightly in-
creased, the momentum boundary layer thickness
declines significantly due to rise of additional in-
ertial forces within fluid. A similar behaviour is
observed as we increase α values. With reduction
in the elastic parameter values, an instant hike
of velocity profile occurs near the plate which de-
creases remarkably. Temperature profile is found
to be a decreasing function of Pr both for gr < 0

and gr > 0.
Figure 14 - 18 depicts the impact of the suc-
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tion parameter R in the scenarios of n = 1, 0.5.
It is witnessed that as R values rise, the velocity
profile across the whole flow domain decreases.
This effect is slowly diminished far away from the
surface of the wall. As the elastic parameter values
increase, a pronounced decreasing behaviour is
seen through out the flow domain for both the
cases i.e when either a constant or variable accel-
eration is suddenly applied to the vertical plate.
As the suction parameter value increases, the tem-
perature profile similarly drops.

5. Conclusion

In present work a numerical study of heat trans-
fer and flow of a free convective second grade
fluid passed through porous plate vertically is anal-
ysed for different non-dimensional flow parame-
ters. The quadratic convergence numerical scheme
adopted here to obtain appropriate stable results
for small and large flow parameter values and over-
comes persistent assessment of the entire problem
for anymodification in boundary conditions. Some
significant findings of present analysis are noted
hereby:

• For large Pr values velocity profile increases
with increase in second-grade elastic param-
eter, but has a contrary effect on velocity for
smaller Pr values.

• Velocity profile seems to increase for gr < 0

and gr > 0 for both smaller and compar-
atively larger Pr values. But the effect is
insignificant when suction parameter value
is more than 8.

• As Pr values increases, with an increase in
the suction parameter, the velocity profile

slows down even further, however as the
elastic parameter value is decreased, a sig-
nificant decline is observed.

• Both velocity and temperature field decel-
erates with an increase in R values, while
other flow parameter values are also altered.

Nomenclature:

1. ρ = Density.

2. g = Acceleration due to gravity.

3. µ = Dynamic viscosity.

4. ν = Kinematic viscosity.

5. V0 = Velocity of suction.

6. T ∗
∞ = Temperature of a fluid at a distance

from a plate.

7. t∗ = Time.

8. Cp - Cpecific heat under a certain pressure.

9. k = The fluid’s thermal conductivity.

10. β =Volume expansion coefficient.

11. u∗, U = velocities of the fluid.

12. gr = Thermal Grashof number.

13. R = Suction parameter.

14. α1 = Material constant with dimension
ML−1.

15. Pr = Prandtl number.

16. α = Elastic parameter.

17. ω = Frequency of oscillation.

18. a′ = Constant having dimension T−1.
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